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Foreword 



TVTATHEMATICS IN our present world is continuing to 
X . make an increased contribution to our culture as well as 
being an important element of scientific education. If mathe- 
matics is to continue to contribute to the advancement of civili- 
zation, then it is essential that it be well selected and well taught. 
Throughout the nation, there is evidence that mathematics edu- 
cation in the secondary schools is being strengthened. 

The South Carolina State Department of Education recog- 
nizes the need for a set of guidelines for secondary school mathe- 
matics in order to assist schools in improving their mathematics 
programs. An excellent curriculum guide published by the 
Florida State Department of Education was found that has 
much to offer the secondary school program in South Carolina. 
Rather than wait to develop such a guide from resources in South 
Carolina, permission to reprint the Florida guide was requested 
and granted. 



The South Carolina State Department of Education offers 
this publication hoping that it will assist local school personnel 
to improve the teaching of mathematics. 

Jesse T. Anderson 

y State Superintendent of Education 



Preface 



Many South Carolina schools arc making considerable progress 
in improving the quality of mathematics education in the second- 
ary schools. The spirit of change began gathering momentum 
with -the production of curriculum materials by foundation- 
sponsored study groups as early as 1958. Inherent in these im- 
proved programs are teachers whose qualifications are up-dated 
and the implementation of up-dated curriculum materials that 
have grown out of experimental studies. 

Many schools have moved into improved programs and those 
that are contemplating such a move are looking for help and 
for information on what concepts should be taught. Tc- this 
end the South Carolina State Department of Education offers 
this publication which is essentially a reproduction of a publi- 
cation published by the Florida State Department of Education. 

The content of this publication is intended only as a suggested 
guide. It has proven very valuable to the schools of Florida, 
and on the recommendation of Mr. Daniel H. Sandel and a state- 
wide advisory committee, we offer it to the secondary schools 
of our state. We hope this booklet will assist local groups to 
have a basis on which to plan a mathematics course of study, 
give individual teachers an overview of a particular course or 
several courses, and provide specific suggestions for teaching 
some topics. 

J. Carlisle Holier, Director 
Division of Instruction 
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Introduction 



npHIS GUIDE contains an outline of topics to be included 
i n individual subject areas in secondary school mathe- 
matics and some specific suggestions for teaching them. Areas 
covered include : 

1. Fundamentals of mathematics embraced in seventh, and 
eighth grades and general mathematics in the high 
school ; 

2. Algebra concepts for courses one and two; 

3. Geometry; 

4. Advanced mathematics. 

Use of the Guide 

The outline and suggestions do not constitute a rigorous pre- 
scription imposed by the State Department of Education or the 
^ Advisory Committee. The purpose of the guide is to: (1) give 
schools in South Carolina a measuring device for analyzing 
their mathematics program; (2) assist local groups to have a 
basis on which to plan a mathematics course of study; (3) give 
individual teachers an overview of a particular course or several 
courses; (4) provide specific suggestions for teaching some 
topics. 

Teachers will be well advised to consider these outlines and 
suggestions and their uses in relation to the kinds of students 
that populate their classes. Many classes will want to cover 
more. material or the same material in more depth than is in- 
dicated. It is possible that, in a few circumstances, cc/ering 
less may be advisable. The basic approach to all topics is that 
of contemporary mathematics. Even so, it is anticipated that 
within a very few years progress in the adoption of modern 
mathematics programs will require a review and revision of 
this state-level guide to bring it in line with contemporary 
content and practices. 
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Statement of Belief 



The perspective to be gained from the gross attributes of soci- 
ety at present and the changes occurring in them can help us 
comprehend the need for certain emphasis in education in gen- 
eral and the study of mathematics in particular. 

One of the distinct and important factors contributing to the 
great explosion of knowledge which has been taking place is the 
over-all revolutionary advance in the uses of mathematics. Theo- 
retical mathematicians have never before in history produced 
more new ideas, new theories, and new potential for break- 
throughs in all branches of science. The developments in the 
physical sciences are creating demands for new interpretations 
and uses of mathematics. Of possibly even greater significance 
in this revolution are the demands which are coming from the 
new users of mathematics. 

The life sciences, the schools of business administration, and 
the social sciences are increasing their demands for the use of 
mathematical principles and techniques. The biologists are ap- 
plying information theory to studies of inheritance; men from 
business and industry use the techniques of operai research 
in scheduling production and distribution; psychologists and 
sociologists make many uses of both elementary and the more 
sophisticated properties of modern statistics; the analysts of 
human behavior are finding major assistance in the principles 
and properties of game theory. 

This revolution in the interpretation of the role of mathe- 
matics as an important element of our social structure is closely 
related to the evolution of the electronic computing machine, 
but it is even more firmly woven into the fabric of our social 
order. 



The Need for Curriculum Change 

The many new uses of mathematics not only have increased 
the demand for mathematicians but also have placed new em- 
phasis on the type of training needed. Even the programs for 
‘‘minimum essentials” in mathematics at different levels of at- 
tainment need to be subjected to critical reconsideration. This is 
true whether the evaluation is made in the context of the lay 
user of mathematics or the individual looking toward profes- 
sional uses of mathematics. Thus we find that following a half 
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century of relative stability the content of the mathematics pro- 
gram at all levels of instruction needs to be changed. 

Today the fastest-growing and most radically changing of all the 
sciences is mathematics. It is the only branch of learning in which all 
the major theories of two thousand years ago are still valid, yet never 
before has there been such a flood of fresh ideas. New branches of 
mathematics, like game theory, are beginning to yield remarkable in- 
sights into human relationships that scientists have never before ana- 
lyzed precisely. Old branches, like probability theory, are being applied 
to such fresh areas as traffic flow and communication. And space 
flight challenges mathematicians to invent new navigational techniques 
far more complex than those that now guide ships and airplanes . 1 

The unprecedented demand for mathematicians, their need for 
a new. and more intensive training program, and the basic math- 
ematical requirements of our technological age combine to pose 
a very difficult curriculum problem that demands the thought- 
ful attention of those whose concern it is to provide the most 
effective program in mathematics for our secondary schools. 
This curriculum must guarantee an appropriate minimum pro- 
gram for every educable individual — whether slow learner, aver- 
age pupil, or mathematically gifted. 

Because of this we must focus our attention on change; for 
curriculum development implies change. We must show courage, 
for change may represent a threat to long-established values. 
Therefore, to reform our curriculum there is need first to reform 
ourselves. 



The Need for Change in Point of View 

The new uses of mathematics place great emphasis on its basic 
structure and on its function as a language in terms, of which 
theories and hypotheses can be precisely formulated and tested. 
Rather than the manipulation of formulas and equations, the 
measurements of configurations, and the performance of com- 
putations, the principal contribution of mathematics is fast be- 
coming the construction of mathematical models of events, 
whether actual or hypothetical. 

Mathematical systems are man made. They evolve as models 
for the representation and interpretation of the physical uni- 
verse. Thus, the physical universe provides a basis for pupil 

1 Boehm, George A, W. Thv Hew World of Math . frew York: The Dial Press, 1959* 
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discovery and understanding of mathematical systems. At all 
levels of instruction more emphasis should be placed upon pupil 
discovery and reasoning, reinforced by greater precision of ex- 
pression. When there is a basis of concrete experience, abstrac- 
tion not only adds insight to the experience but also shows 
gradually where the topics of mathematics fit into a unified 
whole. 



The Role of the Teacher 

The main role of a teacher is to give direction to the learning 
that is to take place under his guidance, to encourage and moti- 
vate his students to learn, to plan and supervise situations by 
means of which learning becomes a thrilling experience for the 
students, and to help students evaluate their accomplishments. 
We believe the teacher is doing his best teaching when he plans 
for pupil discovery of ideas and encourages his students to do 
original or creative thinking. Also teachers have the responsi- 
bility of not only introducing new content but also of reinforcing 
and strengthening concepts and skills previously taught, and of 
laying the groundwork for the development of concepts at a later 
date. 



Goals of Instruction 

The goals of instruction may be listed as follows : 

1. Insight into the nature or structure of mathematics 

2. Mastery of skills in mathematical processes 

3. Insight into the role of mathematics in the affairs of today’s 
citizen as well as the affairs of the scientist and the engineer 

4. Development of favorable attitudes and habits of work and 
thought through : 

a. Systematic and effective habits of study 

b. Independent work habits 

c. Appreciation of thoroughness and accuracy 

d. Habits of logical thought 

e. Curiosity for exploring and enthusiasm for mathematics. 
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Selection of Content 

Based on the goals of instruction, content should be in terms 
of: 



1. The extent to which it is used in understanding the nature 
of mathematics and in becoming prepared for further study 
of mathematics 

2. The extent to which it is needed in analyzing and interpret- 
ing one’s environment 

3. The level of mathematical competence, native ability, and 
interests of the students. 



CHAPTER 1 



Fundamentals of Mathematics 

* 1 'HE VARIOUS LEARNINGS in a mathematics classroom 
may be grouped into the following four categories: 

1. Insights into the structure or concepts of mathematics. 
Mathematics has a framework or structure ; it is not a mass 
of isolated facts. Around a few basic principles most of the 
ideas of mathematics, which might at first seem unrelated, 
can be grouped. When mathematics “makes sense” to stu- 
dents, these students usually display greater interest in the 
subject and show greater retention of both concepts and 
skills learned. 

2. /Skills in performing certain manipulative processes. Care 
should be taken to provide adequate and appropriate prac- 
tice exercises to help students gain proficiency and confi- 
dence in the processes of mathematics. In general, such 
practice exercises should follow experiences which students 
have had in investigating the significance and understand- 
ings of the processes. When the arithmetic processes are 
taught so as to emphasize their relatedness, learning be- 
comes more effective. We have, in the past, bee'* in such a 
hurry to push students into the manipulative phases of 
mathematics that many students have become “symbol push- 
ers” with little or no insight into what the symbols mean. 
For example, when we have taught the measurement of 
area, have we not within the first hour — yes, within the first 
first ten minutes — of instruction led our students into the 
rule of “multiplying the length by the width to find the area 
of a rectangle” before these students understood the concept 
of area? 

3. Competence in using mathematical concepts and processes 
in solving problems. We must breathe life into abstract 
mathematical symbolism. The teacher has the very difficult 
task of setting up problem situations that are interesting, 
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significant, and challenging to his students. Then he must 
allow the students to estimate, conjecture, try methods, ver- 
ify results, and learn from his errors as well as from his suc- 
cesses. What types of problems are most interesting to 
junior high school students? The most interesting types 
may come from astronomy, social studies, and earth science 
rather than from business mathematics which has been the 
main source of problems in the past. Certainly, a variety 
of situations should be used. 

4. Desirable habits of work and thought. The by-products of 
mathematics instruction may be fully as valuable for the 
seventh and eighth grade students as the skills taught or the 
concepts learned. Classrooms in which students’ creative 
talents have been awakened, interests have been kindled, 
and curiosity has been aroused, are usually those classrooms 
in which there is an atmosphere of trying to find answers 
to questions — in which students are learning how to learn. 
These learnings are difficult to measure. Experienced teach- 
ers may also not be in complete agreement about how to 
promote desirable attitudes toward and habits of learning. 

A few brief years ago the emphasis in mathematics instruction 
was on the second objective — teaching a mass of unrelated facts 
and processes. The emphasis is shifting today. More and more 
teachers are emphasizing the first objective — having their stu- 
dents discover, mathematics as a meaningful structure. As the 
pendulum swings from the second to the first objective, a word 
of caution seems in order lest teachers lose sight of all four cate- 
gories of objectives. Research data (particularly since 1945) 
seem to support a balance of emphasis between the four cate- 
gories. 

Teaching Suggestions 

Students at the junior high school level are generally very 
active, outspoken, and differing in interests, many of which are 
transitory. Teachers who have been effective with these students 
offer the following helpful teaching suggestions: 

1. Develop a sense of humor and a real enthusiasm for mathe- 
matics and for young people. 

2. Raise questions. Encourage students to wonder why and to 
ask questions. Make the classroom a place for finding an- 
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swers. Teachers should not be too eager to supply answers; 
questions left unanswered for a few days often create 
school-wide interest. 

3. Have a variety of reference materials and visual materials 
which may be used by students to explore ideas on their 
own. Gear the content and activities so as to challenge stu- 
dents of all levels of competence and of different interests. 

4. Stress the significance of what is being studied. 

5. Help students to give specific or concrete examples to the 
general and abstract symbolism of mathematics. Help them 
to visualize and to estimate answers to questions. 

6. Stress the conceptual aspect of mathematics. 

7. Make a habit of analyzing the thinking of youngsters. 
Study the art of asking questions. 

Selection and Organization of Content 

The following outline of topics comprises the mathematical 
concepts and skills considered basic for all students. 

The selection of topics, the level of abstraction, and the speed 
with which these topics are treated will depend upon the amount 
of emphasis given to the structure of arithmetic in the elemen- 
tary school program, the competence of the students, and the ef- 
fectiveness of the teacher. It is anticipated that as the elementary 
school program becomes more mathematically oriented that 
many of the topics listed below will have to be treated in a re- 
view fashion, taught at a higher level of abstraction, or even 
eliminated from the junior high school curriculum. (The topic 
of whole numbers in the outline is an example.) 

If a class is composed of the upper five to eight per cent (in 
mathematics ability on national norms), it may be able to com- 
plete many of the topics in less than two years, eliminate some 
aspects of some of the topics which are already familiar to them, 
and treat each of the topics at a more advanced level of ab- 
straction. 

It is anticipated that the lowest 40 per cent of the junior high 
school students (judged on the basis of mathematical compe- 
tence) should spend a minimum of three years on the topics in 
the outline. Generally speaking, these students must proceed at 
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a slower pace, use more concrete illustrations, and operate on a 
lower level of abstraction than the more advanced students. It 
is assumed that applications would come from geometry and 
science and not be limited to consumer or pocketbook examples. 
It is recommended, however, that skills and applications not 
receive such great emphasis that the other categories of learning 
are neglected for these students. Mathematics must also “make 
sense” to them. They, too, can receive the thrill of doing creative 
thinking. 

The ninth grade general mathematics course represents the 
content of the third year of study of “Fundamentals of Mathe- 
matics,” and its topics may be derived from this outline. Oppor- 
tunity, of course, must be allowed in the general mathematics 
course for basic concepts to be reviewed and strengthened and 
for student errors in computational skill to be diagnosed and 
remedied. 

In some schools a course in consumer mathematics is offered 
in the eleventh or twelfth grade for the non-college bound stu- 
dents who need two units in mathematics. There is much dis- 
satisfaction with such courses which generally stress the same 
drill exercises and applications for all students. Some teachers 
are recommending that such a terminal course be built around 
mathematical principles with the students being given selective 
drill following a diagnosis of their competence. Other teachers 
are experimenting with more individualization of instruction 
with emphasis on individual or small group projects. This com- 
mittee believes that the essential mathematical content of a 
consumer mathematics course could be found in the outline of 
“Fundamentals of Mathematics”. 

It seems, furthermore, that topics may be treated in a class- 
room in any one of three stages: 

1. Background stage — an intuitive approach which lays the 
background for a more thorough and a more abstract treat- 
ment to come later. 

2. Developmental stage — the drawing of abstractions from 
students’ intuitive experiences, the relating of these abstrac- 
tions to other abstractions which students have previously 
made, and the development of proficiency in using these 
abstractions in solving problems. 
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3. Maintenance or reinforcement stage — the review of concepts 
or procedures previously developed, wliich may involve a 
look from a different viewpoint by the student who has 
studied topics in the meantime which are related to the idea 
being reviewed. 

Because topics might be treated at any of these three levels, 
many of the ideas in our outline can be studied at more than one 
grade level. Again, the emphasis and level of treatment depend 
upon the background of the students, and this background varies 
a great deal. In view of these facts , the committee decided , in- 
stead of listing the topics by grades in the junior high school , to 
star (*) those topics which were more advanced or more com- 
plicated. 

Certain topics have recently been introduced into the junior 
high school curriculum because these topics can be used to help 
students gain a better insight into the structure of mathematics. 
Non-decimal numeration systems and set language are examples. 
The purpose of studying non-decimal systems of numeration 
should not be the development of computational skills in those 
systems, but instead it should be the further development of the 
student’s insight into the structure of our own decimal system 
of numeration. 

The concept and language of sets can be of great value in 
defining and giving meaning to such ideas as the following : 

1. counting 

2. categories of numbers — whole, non-negative rationals, in- 
tegers, negative rationals, and reals 

3. operations with numbers 

4. variable — its replacement set and its solution set 

5. greatest common factor and least common multiple 

6. geometric figures such as line, line segment, angle. 

The topic of sets should not be studied in great detail and then 
left without use during the rest of the year. It should be intro- 
duced and expanded upon as needed to contribute to the under- 
standing of the aforementioned ideas. 

The following outline contains a variety of approaches. In 
some instances, merely a listing of topics was considered most 
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appropriate ; in other instances, a great deal of space was taken 
to explain or to illustrate an. idea. 

Outline oi Topics 

I. Concept of Whole Numbers and Operations with Them 

A. The Collection Idea 

1. A collection of things with a well-defined feature or 
property is referred to as a set. The things that belong 
to a set are called members of the set. A finite set is one 
whose members can be counted or listed. Sets which are 
not finite are said to be infinite. 

2. A whole number may be associated with a finite set. 
When the members of two sets can be paired, i.e ., placed 
in a one-to-one correspondence, we say both sets have the 
same cardinal number. The symbol that we write as a 
name for a number is called a numeral. 

3. By partial listing, the set of natural numbers is: 

1 1, 2, 3, ... | 

4. The set of whole numbers: jO, 1, 2, 3, 4, . . . j 

5. Interpretation of whole numbers in terms of cardinality 
of sets. 



n{} 




= 0 


n{A} 


= n{l} 


= 1 


n{A,0 } 


= n {1.2} 


= 2 


n{A,0,D) 


= n {1,2,3} 


= 3 


n{A,0,D,X} 


= n {1,2, 3, 4} 


= 4 



etc. 

The symbol “n{A, 0, □}” is read “the cardinal number 
of the set {A, 0, □}” 

6. The set of natural numbers is ordered. When these num- 
bers are used to indicate the order of things, the numbers 
are used in the ordinal sense. 

B. Interpretation of operations with whole numbers in terms 
of set operations. 

1. Addition: If n(A) = a and n(B) =j b, then n(AUB) 
= a -f b, providing A and B are disjoint sets. 



2. Subtraction : a — b = Q is equivalent to □ -f b = a. 
Subtraction is the inverse of addition 5 it is the process 
of finding one of the two addends, when the other ad- 
dend and the sum are known. 

3. Multiplication: a • b represents the number of elements 
in a disjoint sets of b elements each, for example, the 
number of elements in a rectangular array of a rows and 
b columns. In a • b the a and b are called factors; a • b 
also represents the sum of a identical addends of b. 

4. Division: a -s- b = Q where b ^ 0, is equivalent to f~~] 
•b = aorb*Q = a. Division is the inverse of multi- 
plication ; it is the process of finding one of the two fac- 
tors when the other factor and the product are known. 
Whereas multiplication is associated with the process of 
joining a given number of equivalent disjoint sets to- 
gether and finding the number of elements in the re- 
sulting set, division is the process of separating (or 
partitioning) a set of elements into equivalent disjoint 
subsets. 12 -r- 3 = □ being equivalent to □ • 3 = 12 asks 
for the number of disjoint subsets of 3 elements each in 
a set of 12 elements. 12 -f- 3 = □ being equivalent to 
^ * O = 12 asks for the number in each subset when a 
set of 12 elements has been separated (partitioned) into 
3 equivalent disjoint subsets. 

C. Properties of Whole Numbers 

1. Closure: If a and b are whole numbers, then a -j- b is a 
unique whole number; a • b is also a unique whole num- 
ber. The set of whole numbers is not closed under either 
subtraction or division, however. 

2. Commutativity: If a and b are whole numbers, then 
a + b = b+ a;a*bis also equal to b • a. Neither sub- 
traction nor division of whole numbers is commutative. 

3. Associativity: If a, b and c are whole numbers, then 
(a -j- b) -f c = a + (b -J- c) ; also (a • b) • c = a * 
(b • c) . Neither subtraction nor division of whole num- 
bers is associative. Thus 8 — |— T — |— 3, without grouping 
symbols, has only one meaning; while 8 — 7 — 3 is 
ambiguous without grouping symbols. 
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4. Itistributivity: 

a. Of multiplication over addition and subtraction. If 
a, b, and c are whole numbers, then a* (b -f- c) = 
(a • b) -f- (a • c) and (b -f* c) • a = (b • a) -f- (c • a), 
a • (b — c) = (a • b) — (a • c). 

b. Of division over addition and subtraction (right hand 
only) : 

(b -f- c) a = (b — - a) -f- (c — a) 
a -7- (b -f- c) # (a-^- b) -f- (a -r- c). 

(a — b) — c = (a -4- c) — (b -4-c) 
c -r- (a • b) ^ (c a) — (c b). 

o. Special properties of 1. For any whole number n, 

a. n*l = l # n = n 




c.. ^ = 1, providing n^O. 

6. Special properties of 0. For any whole number n, 

a. n -f- 0 = n 

b. n — 0 = n 

c. — = 0, providing n =7^ 0 

d. — is not defined. 

D. Development of algorisms for operations with numbers in 
multidigit numerals. 

1. The product of a number by 10 n is equivalent to that 
number with digits moved n places to the left. For ex- 
ample, 

100(364) = 10 2 [3(10) 2 -f 6(10) + 4(1)] 

= 3(10) 4 -f 6(10) 3 + 4(10) 2 
= 36400 



2. Distributive principle in multiplication. Some examples 
follow : 



3 • (21) - 3(20 + 1) 

= 3 • 20 + 3 • 1 
= 60 + 3 
= 63 




32 • 27 = (1 + 1 + 1 + . . . + 1) • 27 
32 *27=(5 + 5 + 5 + 5 + 5 + 5 + l + l)«27 
32 • 27 = (1 + 1 + 10 + 10 + 10) • 27 



-=>27 


V 


135 adding machine method 


27 


N 


135 




27 




i 135 


27 


27 


32 


135 


270 


* 


addends 


135 


270 






135 


270 


• 




27 


864 


- 




27 




27 




864 





864 ^ ■ 



32 • 27 
+ 30 



= (2 + 30) 
•20 



(7 + 20) 



7 + 2 • 20 + 30 • 7 



3. Distributive principle in division. Separate the dividend 
into addends which are multiples of the divisor. 

864 _ 270 + 270 -f 270 -f 27 -j- 27 
27 ~ 



864 

27 

2 

10 

20 



27 = 10 + 10 + 10 1 -f- 1 = 32 

540 +270 + 54 



27 



= 20 + 10 + 2 = 32 



27 ) 864 
-540 
324 
—270 
54 
-54 



= 32 



7) 864 
-540 


20 


324 




-270 


10 


54 




—54 


2 




32 



E. Estimating results: 

1. Numbers can be rounded to 1 or 2 significant digits and 
these rounded numbers used in estimating. The symbol 

’’means “approximately equal to.” 

2. In multiplication, multiplying one factor by 10 n and 
dividing a second factor by 10 n does not change the 
product. 

314.2 X .089 » 300 X .09 
« 3.00 X 9 
« 27 



3. In division, multiplying (or dividing) both numerator 
and denominator by the same non-zero number does not 
change the quotient. 

3,826,519 4,000,000 40 „ 

790,206 ~ 800,000 ~ 8 ~ 5 

.03016 .03 30. 

.00612 ~ .006 ~ 6. ~ 5 

It is convenient to make the divisor a whole number 
between 1 and 9. 



.0042 _ .040 
.806 ~ 8 



.005 
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F. Divisibility, factors, multiples, and primes 

1. If a, b, and c are whole numbers, a is said to divide b, if 
and only if a 5^ 0, and there exists a whole number c 
such that a • c = b; a and c are factors of b; in other 
words, divisors are non-zero factors. 



All numbers have a 


set of unique divisors: 


Number 


Set of divisors 


1 


(1) 


2 


{1,2} 


3 


{1,3} 


4 


{1,2,4} 


etc. 




0 


U, 2, 3, 4, 5, 6, 7, 



All numbers divide 0. Only one number divides 1. Num- 
bers which have a set of two divisors are called 'primes ; 
numbers having 3 or more divisors are called composite 
numbers; numbers greater than 1 having an odd number 
of divisors are square numbers. 

3. The set of multiples of natural number a is the fol- 
lowing : 

{1 • a, 2 • a, 3 • a, 4 • a, . . .} 

4. Prime numbers and their significance 

a. Sieve of Eratosthenes 

b. Unique Factorization Property of natural numbers 

{1,2, 3, 4, 5,...} 

Every composite natural number can be written as the 
product of one and only one set of primes. 

c. Greatest common factor (GCF) of 2 or more natural 
numbers 

d. Least common multiple (LCM) of 2 or more natural 
numbers and its relation to common denominator of 
fractions. 

e. Two (or more) natural numbers are relatively prime 
providing their greatest common factor is 1. 

5. Properties of odd and even numbers 
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6. The Euclidean Algorithm 

7. Digital tests for divisibility by 2, 3, 4, 5, 6, 8, 9 
*8. Discovery of number theorems: 

a. A number written in base ten numerals less the sum 
of its digits is divisible by 9. 

b. The sum of the first n odd whole or natural numbers 
is equal to n 2 . 

c. The product of the GCF and LCM of two numbers is 
equal to the product of the two numbers. 

d. The prime numbers greater than 3 are either 1 less 
than or 1 greater than a multiple of 6. 

e. The set of odd numbers is closed under multiplication. 

II. Numeration Systems 

A. Grouping of objects “to be counted” is done to economize 
on the use of symbols. 

1. The base of grouping is arbitrary. 

2. The principle of grouping can be extended to larger and 
larger size groups. 

3. One can use “counters” on an abacus to represent how 
many bundles of each size we have. 

4. Computing may be done with these counters. 

B. Basic types of structure of systems of numerals which 
might be used to represent both the sizes of these bundles 
and the number of bundles of each size. 

1. Repetitive schemes use different symbols for each dif- 
ferent bundle size and repeat each symbol to indicate 
how many bundles of each size. Probably the simplest 
system of this type of historical importance is that of the 
Egyptians. One might learn how to use these numerals 
for enumeration and even for computation. 

2. Positional schemes use the position of a symbol to show 
bundle size and the choice of symbol to show the number 
of bundles of each size. 

a. Hindu-Arabic is the prime example. 
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b. This system uses a zero symbol. 

c. The additive idea is implied in the system as is shown 
below in the expanded or polynomial forms of the 
numeral. 

(1) 4273 = (4 X 1000) + (2 X 100) + (7 X 10) + 

(3X1) 

(2) 4273 = 4 X 10 3 -}- 2 X 10 2 + 7 X 10 1 -{- 
3 X 10° 

C. (Optional) Other numeration systems of historical signifi- 
cance may be studied, such as Roman, Greek, Babylonian, 
Mayan, Hebrew, and Chinese. Students may be interested 
in creating an original system of numerals. 

D. Non-decimal Numeration 

1. Bases less than ten, e.</., binary and quinary 

2. Bases greater than ten, e.g ., twelve 

3. Changing from base ten to other bases and from other 
bases to base ten, e.g ., 

302 means (3 X 5 2 ) -f (0 X o 1 ) + (2 X 5°) 

five 

*4. Computation with non-decimal numerals 
5. Relating non-decimal bases to units of measure, e.y., 

12 days = 15 7 days = 1 week + 5 days 
53 inches = 45 i2 inches = 4 feet + 5 inches 

E. Special ways of writing numbers using exponents — Scien- 
tific Notation — A number is in scientific notation (base 
ten) when it is written as 

a X 10 b where 1 < a < 10 and b is an integer. 

Examples: weight of earth « 1.3 X 10 25 lbs 

population of U. S. « 1.8 X 10 8 people 
number of drops of water in Atlantic Ocean «= 
8 X 10 24 drops 

radius of hydrogen atom 1.74 X 10' 10 feet 
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III. Concept of Non-Negative Rational Numbers (Numbers of 
Arithmetic) and Operations with Them 

A. Interpretation 

In the historic development of our numeral symbols, the 
need for representing a part of a unit by using the previ- 
ously known counting numerals was met by using the frac- 

3 

tional numeral forms. Thus, ” was interpreted as “three 
of four equal parts.” 

Since this initial development and use, many other inter- 
pretations have arisen. One author describes four principal 
meanings of interpretations of these number pair symbols. 

1. An element of a mathematical system 1 

2. The division of two naturals or integers 

3. The fraction or partition idea 

4. The ratio or rate pair idea 
The four interpretations 

Division 



Number System 

n • x = m 
m 

x = — 
n 

The multiplicative 
inverse 

Partition (Fractions) 
Measurement Magnitude 
m of n equal parts. 



m , 

— = k = m 
n 



n 



Decimal representation 

Rate Pair ( Ratio ) 
Relative comparison of 
quantities or sets. 

“m to n” per cent. 



B. Association of the Rationals with the Number Line 

We can define a one-to-one correspondence between the 
rational numbers and a sub-set of the points on a line by 
associating to each rational number, the point on the num- 
ber line whose distance to the right of some fixed point 
(the zero point) is that rational number. 



1 Peterson, John and Hashisaki, Joseph, Theory of Arithmetic . New York: John Wiley, 
1963, p, 151 f. 
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One such representation which also shows that there are 
many names for a rational number is as follows : 



< I H I - 

0 

1 

0 1 

2 2 

0 12 3 

4 4 4 4 



1 


1 1 


1 1 I 


1 j 


1 


1 1 


1 ! 1 


1 1 



1 1 

2 3 4 

2 2 2 

4 5 6 7 8 9 

4 4 4 4 4 4 



H-H \- > 

ji 

1 

5 6 7 

2 2 2 

10 n 12 13 14 
4 4 4 4 4 



The above representation reveals that the set of whole 
numbers constitute a subset of the non-negative rationals. 
In problems such as the following use is made of this fact. 



1. 



2 , 

+ 2 2^2 



2 * 3 x|^!x| 



C. Meaning of Rational Numbers in Terms of Concrete Situa- 
tions for Each Interpretation 

An abundance of concrete situations should be used with 
the study of the rational numbers. These concrete situations 
should relate the rational numbers to everyday settings, 
such as science, sports records and events, various school 
experiences, social sciences, and carpenter-type building 
situations as well as to the more abstract properties such as 
denseness, etc. 



D. Principle of Equivalent Rational Numbers 



1. Formally: Two rational numbers 



cL 1* 

and - are said to be equal if and only if a • s = b • r 
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2. Using rectangular regions as models, equivalent ration- 
als can be exhibited as shown below. 





J_ 

6 2 8 

3. Simplest fractional numeral: The simplest fractional 
numeral for a rational number is that numeral which 
has the smallest possible whole number for its numerator 
and the smallest possible natural number for its denomi- 
nator. The numerator and denominator will have no 
common factor except 1. Proceed as follows: 



_ — ^ X 4 2 4. _ 2 - 2 

12 3X4 3 A 4~3 A 3 



E. Behavior of Rational Numbers under the four operations 

t 

1. The binary operations of addition and multiplication are 
usually defined first, then subtraction and division de- 
velop from them. 



They are defined as follows: 

Where b and d 0, 

a , c ad -f* be 

b + d~' 

a t c ac 
b d bd 
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2. Models used to interpret the operations. Example : 



A i A -A! 

10 ^ 10 10 



Regions 



a unit region 



ill 






ill 







6 



10 



i 


I 








dl 


i 


1 







5 

10 




Number Lines: 






11 

10 




> 
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Example: |xf = | 



H 



H 

1 




Example : 



ix 1 ! 



4 x 1 ^ 4 X 7 __ 28 _ x 13 



3 5 ~ 15 “15 15 



1 




5 



i 



h — 4 



■H 



23 



• J 



3. The two operations defined in (1) have these properties: 

a. Closure in the set of fractional numbers. 

b. Commutativity and associativity. 

c. Multiplication distributes over addition. 

d. Zero is the identity for addition and one is the iden- 
tity for multiplication. 

6. Each non-zero fractional number has an inverse for 
multiplication, called the reciprocal. The product of a 
number and its reciprocal is one. The reciprocal can be 



named as a or . 

b 

Division by a number can be interpreted as multipli- 
cation by the reciprocal, where b, r, and s ^ 0. 

a r as 

r — - means r • - 

b s b r 

4. The common denominator for two fractional numbers is 
a multiple that is common to each of the denominators. 
The least common multiple is the least member of the 
set of common multiples. 

5 1 
Example: - and — 

6 4 

Set of multiples of 6 = A = {6, 12, 18, 24, . . .} 

Set of multiples of 4 = B = {4, 8, 12, 16, 20, 24, . . .} 
A n B = {12, 24, . . .} 

Thus, the least member of the intersection set is 12. 



F. Relationship between the fractional forms 



1 . 



The mixed form : When we mean 66 
2 

write 66^ omitting the plus sign. 




we sometimes 
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2. The place value or decimal numeral form 

a. Meaning: An extension of the base ten place value 
notation 

3 + S5 = 3 + I5 + iiJo 

= 3 + 2 (^)+ 5 (iio) . 

= 3.25 

b. Changing from fractional numeral form to decimal 
numeral form 



( 1 ) 



•l=x 



5X5 



2X 2 2X2 5X5 

3X5X5 _ 

2 X 5 X 2 X 5 ~ 

75 



100 



= .75 (exact representation) 



(2) ^ = 5 ■— 8, thus it is 



.625 



.625 (exact representation) 



8)5.000 

48 



20 

16 



40 

40 



(3) g = 1 -7- 3 = .33 g (exact representation) 
= .333 . . . (exact representation) 



1 

3 



.333 = 



333 (approximrxj 
1000 representation) 



.3*3 



3)1.000 

9 

10 
9 



10 

_9 

1 etc. 



3. The algorisms for the decimal numeral forms 

a. Addition and subtraction 

b. Multiplication 

c. Division 
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*4. Repeating and terminating numerators 

a. Any fractional number (rational number) has a 
decimal representation which either terminates or is 
periodic and non-terminating. 

When the denominator of a fractional number is not 
a power of 2 or 5, it will have a repeating numera- 
tor when expressed in decimal (base ten) notation. 

I — .25000 . . . (terminating) 

4 = .1666 . . . ( repeating) 

b. Changing from repeating decimal numerals to a 
fractional numeral, consider 

.2727... = £ 
b 

10 2 X- 2727... =27.2727... 

- 1 X .2727... = .2727... 

99 X .2727. . . = 27 

Thus .2727. . . = 27 X — 

99 

27 3 

~ 99 or 11 

G. Using fractions in problem solving situations. 

This material should be used throughout the develop- 
ment, relating fractional numbers to such situations as 
science, do-it-yourself home jobs, current events in sports, 
hobbies, school situations, and social sciences. 

*H. Fractional numerals written with non-decimal bases 

1. (2.13) means 2 -f if-) -f 3^ 

five \ 5/ \25/ 
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IV. Ratio 



A. Concept of ratio 

1. A simple ratio is an ordered pair of real numbers, the 
first number representing the count (or measure) of the 
first set (or thing) and the second number that of the 
second set. These two sets of things may be of the same 
type or of different types. For example, the ratio of the 
number of cars to the number of students may be 
1023 : 14,467. The ratio of the number of centimeters to 
the number of inches in the measure of a line segment 
may be expressed approximately as 2.54 : 1. 

2. Two ratios that express the comparison of the same two 
sets are called equivalent or equal ratios, (a : b) = 
(c : d) if and ony if a • d = b • c. 

£ 

3. Symbolism: (a : b) and ^ forms. 

B. Uses of Ratios 

1. Ratios are used to make a set-to-set comparison (rather 
than a 1-to-l comparison) of two sets. 

2. In many situations in which the comparison does not 
change, one may express two ratios as equivalent and in 
doing so will be able to find a missing component of one 
of the two equal ratios. Such an expression of the equal- 
ity of two ratios is called a 'proportion. 

C. Ratios with special second components 

1. If the second component of a ratio is 100, the ratio is 
called a per cent (5 : 100) = 5%. The three cases of 
ratio problems can be handled by the method of equal 
ratios. In all such problems we will write two equal 
ratios in which the second component of one of the ratios 
is 100. In other words, we will always get a proportion 
such as (m : n) = (r : 100). The familiar case I, case II, 
and case III types of problems correspond to propor- 
tions in which the variable is in position m, r, and n, 
respectively. Example : 

a. What is 23% of 400? 

(m : 400) = (23 : 100) 
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b. 8 is what per cent of 12? 

(8 : 12) = (r : 100) 

c. 24 is 25% of what number? 

(24 : n) == (25 : 100) 

2. If the second component is 1, the ratio is called a unit 
rate. Examples: 

a. Speed. If I travel 55 miles in 1 hour, we speak of my 
rate of speed as 55 miles per hour or may write it as 
(55 : 1). If I travelled 150 miles in 2% hours, what 
was the average rate of travel ? 

(150 : 2%) = (x : 1) 

b. P er unit cost . We may compare the cost of two brands 
of a product by computing the per unit cost of each 
brand and comparing these two results. 

c. In many instances in which the second component is 
1, the ratio is written as one number rather than a 
pair of numbers. Pi is the ratio of the measure of the 
circumference to the measure of the diameter of a 
circle and is approximately (3.14 : 1). We usually 
speak of pi, however, as 3.14. 

D. Ratios are extremely useful. A few examples follow. 

1. Conversion of units. The equivalent ratio method is quite 
valuable in converting a measure of one unit of measure 
to another one. Conversion ratios may be used. When 
dealing with centimeters and inches, the conversion ratio 
is (2.54 : 1) ; inches and feet (12 : 1) ; and miles per 
hour and feet per second (60 : 88). 

a. What is the length in inches of a meter stick? 

(100 : x) = (2.54 : 1) 

b. Hayes of EAMU ran the 100 yards in 9.1 seconds. 
What is the average speed in feet per second? 

(300 : 9.1) = (x : 1) 
x = 33 

c. What is Hayes’ speed in miles per hour? (x : 33) = 
(60 : 88) 






2. 



Similar figures. If two figures have the same shape, the 
ratio of the measures of two corresponding line segments 
is constant. 



a. One can use this principle to compute distances from 
a map. 

b. Use similar triangles to compute distances. 

c. Compute the size of animals from pictures in a dic- 
tionary for which a ratio is also provided. 

3. Ratios are used in science — such as specific gravity and 
the formulas for chemical compounds. 

4. Ratios are used in music. 

5. Ratios are used in economics — such as price index and 
rate of growth. 

6. Mixture problems also make use of ratios which may in- 
volve more than two components. 



V. Integers and nationals 

A. Definition and Interpretation 

1. The set of integers consists of the set of natural num- 

bers, zero, and, for each natural number n, the opposite 
or negative of n, written as “~n.” Also n -f- (~n) = 0, 
thus — n may be called the additive inverse of n. In set 
notation the set of integers is { . . . , ~n, ~3, ~2, 

~1, 0, 1, 2, 3, . . . n, . . . } . 

* « 

2. An integer is not a counting number which is an answer 
to the question “How many?” Ah integer can be inter- 
preted as : 

a. The status of some measure, indicating where the 
measure is with respect to some chosen reference or 
zero position ; e.g.^ temperature of ~15°; elevation of 
+1420 feet; assets of ~$1 0,000; time, as ~ 10 seconds 
from blast off; the point corresponding to +5 on the 
number line. 

b. A vector or change in which both the dist an ce 
(amount) and direction must be indicated, e.g., +5 as 
a trip 5 miles to the east ; ~3 as a 3 lb. loss of weight ; 
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+10° increase in temperature; — 5 yd. as a 5 yard 
penalty in football or - 4 as corresponding to the 
vector. 

< 1 1 1 o 

c. The difference between two natural numbers; €.y., - 2 
can be thought of as corresponding to equivalence 
class 

{( 1 - 3 ), ( 2 - 4 ), ( 3 - 5 ) ...}. 

3. The integers can be placed in a one-to-one correspond- 
ence with equally-spaced points on a line : 

< -+ 1 1 1 1 1 >■ 

....-2 -1 0 +1 +2 +3 

4. The set of rational numbers is the union of the set of 
numbers of arithmetic (fractional numbers) and the set 
of additive inverses for these fractional numbers. Thus 
defined, the set of integers is a sub-set of the set of ra- 
tionals. 

5 . The set of integers can be partitioned into three mutual- 
ly disjoint subsets: positive integers, zero, and negative 
integers. The rationals can be partitioned similarly. 

B. Properties of Integers (and nationals) 

1. Trichotomy Relation: If a and b are two integers (or 
two rationals), exactly one of the following relations 
exists : 

a. a = b 

b. a is greater than b 

c. a is less than b 

2. Denseness of the set of rationals: Given any two ra- 
tionals, a and b, say a < b. There always exists a ration- 
al number c such that a < c < b. This property does not 
hold for the set of integers. 

3. Absolute value of integers (and rationals) 

a. The absolute value of an integer (or of a rational )n 
is represented by the symbol “| n |.” 
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b. | n | = n, when n > 0 

| n ! = — n, when n < 0 

c. Interpretation as the distance of a point from the zero 
point on the number line. 

*C. Addition and Subtraction 

1. The definition of addition and subtraction for integers 
and for rational numbers shall be defined so that the 
properties found for the set of natural numbers and the 
set of numbers of arithmetic (the fractional numbers) 
shall continue to hold. 



-1 



+4 





1 1 1 * 1 1 L l > , 

“3 ~2 ~1 0 +1 +2 +3 +4 ^ 

The sum 1 -|~ +4 can be represented on the number 
line as a vector of ~1 followed by a vector +4. The sum 
of these two vectors is the vector +3. 2 

The subtraction of arithmetic numbers 8 — 5 can be 
thought of in terms of addition : “What number must be 
added to 5 to get 8?” In like manner, the subtraction of 
two integers A — B can be thought of as “What vector 
will take us from B to A on the number line ?” 

• * 



■ ' 1 1 1 i . . , 

“4 -3 ~2 -1 0 +1 +2 +3 +4 

- 2 can be thought of as “What number must be 
added to ~2 to get +3?” or “What trip must one take 
along the number line in order to move from ~2 to +3?” 
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2. Formally: 

For any numbers of arithmetic m and n 

a. +m -j- +n = +(m + n) 

b. ~m -f- -n = ~(m + n) 

c. ~m -j- +n = — (m — h), when m > n. 

~m -j- +n = n — m, when m < n. 

3. Subtraction is the opposite of addition, thus it is defined 
as adding an additive inverse. For any rational numbers 
(or integers) m and n: m — n = m -f- (~n). 

4. Properties for addition of rational numbers (and in- 
tegers) 

a. Closure, commutativity, associativity 

b. Zero is the identity and each number has an additive 
. inverse. 

*D. Multiplication and Division 

1. As was true for addition and subtraction so for multipli- 
cation and division, the operations are defined so that 
the properties discussed above will continue to hold. The 
only additional property is that of distributivity. It also 
holds for rational numbers (and integers). 

2. Formally: 

For any numbers of arithmetic m and n 

a. ~m • -r = m • n 

b. ~m • n = — (m • n) - 

3. Division is defined as multiplication by the reciprocal. 



r , m 

s n re P resen ^ rational numbers, then : 

£ 55 £ n r m . 

s ‘ n ~ s *m’ Where n 1S not zero< 

4. Properties for multiplication of rational numbers (and 
integers) 

a. Closure, commutativity, associativity. 
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b. One is the identity number and each number, except 
zero, has a multiplicative inverse, called its reciprocal. 

c. Multiplication distributes over addition. 

E. Using positive and negative rationals in specific problem 
solving situations. One such example is that of the lever; 
others may relate to elevations, temperatures, time, and 
profit-and-loss. 

VI. Mathematical Statements 

A. The language of mathematics consists of symbols (alpha- 
bet), ways of joining symbols together (words and 
phrases), operation with numbers (grammar or syntax), 
and statements of relations between numbers (sentences). 

B. Symbols 

1. Symbols are invented to make communication easier in 
mathematics. 

2. Examples of symbols: 2 -|- 3, =, <,[ }, +, | n |. 

3. Distinction between the symbols and the ideas (made 
but not emphasized) such as: a numeral is any symbol 
that represents a number; we write numerals, we think 
about numbers ; for the absolute value of any real num- 
ber n the symbol “| n |” is used. 

4. History of mathematical symbols with emphasis on nu- 
merals. 

C. Number phrases and sentences 

1. Exampes of number phrases : 

8n —6, 3 X +5, 5x 2 + 3y, 3 *4 + 2 

Each number- phrase is the name for a number, e.g ., 
3 -j- 8 names 11 and 3x — 2 names a different number 
for each replacement for x. 

2. Number sentences state a relationship that exists be- 
tween two numbers 

such as 3 • 4 + 2 = 14 and 3x + 10 > 5. 

3. Number sentences (both equality and inequality) are of 
the two types 
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a. Open equivalent to an interrogative or incomplete 
sentence using a symbol, called a variable. Examples: 

x > 5 What number is greater than five? 



b. Complete— declarative and having properties of being 
either true or false. 

10 + 8 = 18 

5 — 6 > 9 

4. A common number sentence is often called a formula. 

A = lw, d =r rt 

D. Variable introduced as an unspecified (or representative) 
element of some set of numbers (replacement set or do- 



The set of all x such that x -j- 5 — 5 where x is a positive 

integer— a symbol “x” used in this way is called a 
variable. 

E. Solution sets of open sentences of one variable 

1. Solution set may be thought of as the set consisting of all 
elements contained in a specified universe that satisfy 
the condition. 

If the universe is j 3, 4, 5, 6, 7 } then the solution set of 
x + 2 = 6 is {4}. 

2. Graph of solution set of one variable 

a. If the replacement set for x is the set of integers and 
x -f 5 = 3, then the graph of the solution set of x is: 



n + 3 = 12 



— + 3 = 12. 



main) 




— • 1 » 1 1 L 

“2 -1 0 +1 +2 +3 






b. The graph of {x c I j x -f 4 < 8} is: 
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F. Solution set of two-variable sentences 

1. Ordered pairs of real numbers 

a. Number pairs (a,b) and (b,a), a and b are real num- 
bers and a =^= b are different pairs. 

b. Definition of (l ='’ for ordered pairs : 

For real numbers a, b, c, and d, (a,b) = (c,d) if and 
only if a = c and b = d. 

2. One-to-one correspondence between the set of all pairs 
of real numbers and the points in the plane. 

3. Solution sets of two-variable sentences as sets of ordered 
pairs of real numbers. 

a. If the replacement set for x and y is {—1, 0, 1} then 
the solution set of x = y is {(—1, —1), (0,0), (1,1)7. 
Graph of { (-1,-1) , (0,0) , (1,1) } 



A 



*2 .. 



■i 1 1 " 1 h 

— 2 - 1 * 2 



-> 



- 2 -- 

(complete graph) 

b. If the replacement set for x and y is the set of real 
numbers then the graph of the solution set of 
y ^x + 1 




( incomplete graph) 
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G. Application — An abundance of meaningful exercises and 
problem situations should be presented with the develop- 
ment of concepts. Application involving one-variable sen- 
tences are usually found in adequate number in most texts. 
However, two- variable sentences, while rich and promising, 
are sometimes neglected. Some ingenuity may be called 
for. It should be kept in mind that most mathematics in the 
secondary schools could be taught from an order pair 
approach. 



VII. Metric and Non-Metric Geometry 

A, Basic properties of: 



Set of Representation Named Property 

Points 

line ^ ^ <:£> A line may be extended 

X indefinitely in either di- 

rection. 



half-line •<: £ > ♦ > A point divides a line 

into two half-lines. 







A half-line and its end- 
point. 



segment *~ 1 - 

x y 




angle 




Two points determine 
one and only one line. 



An angle is the union of 
two rays having a com- 
mon endpoint or vertex. 




A plane is determined 
by (a) three points not 
in a straight line, (b) 
one line and one poii./ 
not on the line, (c) two 
intersecting lines, and 
(d) two parallel lines. 
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half-plane 



A line divides a plane 
N into two half-planes. 




simple closed curve 




A continuous line in a 
plane with no end points 
separates the pL e into 
two regions — one inside 
ith finite meas’ ^e .1 
area and one outside. It 
is also non - self - inter- 
secting. 



triangle 




It is a simple closed 
curve which is the union 
of three line segments. 



circle 




A circle is a simple 
closed curve iii a plane 
such that the points 
comprising this curve 
are a fixed distance 
from a point in the 
plane, called the center 
of the circle. 
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B. The nature of the measuring process 

1. A convenient “unit” must be selected that is of the 
same nature as the thing being measured. If the unit is 
acceptable to a large number of people, it is called a 
standard unit. 

a. Line segment • • to measure a line segment, 

use a line segment such as 0.001 inch, 1 foot, 1 mile, 
as a unit. 

b. Region enclosed within a simple closed curve. The 
unit of measure 

must be a region such as a square inch 



, a triangular inch fa , square 
mile, etc. 

c. Space bounded by surfaces — the unit must be a por- 



We use an appropriate angle such as a right angle 



or degree (angle) — ^ 

2. Next, the thing being measured must be subdivided into 
portions which match (are congruent to) the unit. 

3. The number of these subdivided portions is called the 
measure of the thing. 

4. Instruments for measuring 

a. Line segment — ruler, yard stick, vernier caliper, steel 
tape, rolling wheel, etc. 

b. Region in a plane — plastic grid, planimeter. 

c. Space bounded by surfaces— by pouring liquid into 
graduated cylinder, by weighing object together with 
the unit of the same substance. 

d. Angle — protractor. 

5. The approximate nature of the measuring process 
a. All measurements are approximate. 




tion of space such as a cubic 




inch. 



d. Angl 





\ 



ERIC 
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b. Precision is related to the size of the unit of measure- 
ment chosen — the smaller the unit, the more precise 
the measurement. 

c. Accuracy is related to the relative error of the meas- 
urement. The smaller the relative error, the more ac- 
curate is the measure. 

Relative error = % *** smallest 3£j* 

measure 

d. The number of significant digits can express the ac- 
curacy of a number representing approximate data. 

e. Scientific notation can be used to show the number of 
significant digits. 

6. Skills in computing with approximate data: 

a. Numbers may represent exact or approximate data. 
Exact data are obtained through counting discrete 
objects or through definitions. Example: There are 32 
students in my class. There are 12 inches in a foot. 
Approximate data are obtained through measuring, 
rounding off numerals representing either exact or 

approximate data and computing with approximate 
data. 

b. The sum or difference of numbers representing ap- 
proximate data can be no more precise than the least 
'precise of the numbers used. 

c. The product or quotient of numbers representing ap- 
proximate data can be no more accurate than the least 
accurate of the numbers used. 

C. Construction 

1. Copying line segments with compass. Bisecting line seg- 

ments s 

2. Copying angles and bisecting angles 

3. Constructing a line perpendicular to a line 

4. Constructing a line parallel to a line 

5. Constructing a triangle given one of these conditions: 
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a. 2 sides and included angle 

b. 8 sides 

c. 2 angles and included side 

6. Constructing an angle of 45° and also one of 30° 

7. Constructing regular polygons inscribed in a circle 

8. Constructing designs. 



D. Similarity 

1. Figures having the same shape are said to be similar. 

2. Polygons are similar if their corresponding angles have 
the same measure and their corresponding sides are pro- 
portional, and conversely. 

3. If 2 triangles have two pairs of corresponding angles 
with the same measures, then the 2 triangles are similar 
and their corresponding sides are proportional. 

a. Use of similar triangles for indirect measurement 

b. Tangent ratio 

4. Scale drawings — using similar triangles and other simi- 
lar polygons 

5. (Optional) Any two plane (or 3-dimensional) figures 
are similar if for each pair of points A x , Bi in one figure 
there are corresponding points A 2 and B 2 in the second 
figure. 



AiBi 

A 2 B 2 



a constant. 



If the constant is 1, then the figures are congruent. 



E. Congruence 

1. Segment: Two line segments are congruent if they have 
the same measure. 

2. Angles: Two angles are congruent if they have the same 
measure. 

3. Triangles: Two triangles, ABC and DEF, are congruent 
if there is a correspondence ABC «-» DEF so that one of 
the following conditions exists: 
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a. Tlie corresponding sides are congruent. (s.s.s.) 

b. Two angles and the included side of one are congruent 
to the corresponding parts of the other (a.s.a.) 

c. Two sides and the included angle of one are congruent 
to the coresponding parts of the others (s.a.s.). 

F. Parallelism 

1. Lines 

a. Two lines which are in the same plane and never meet 
are parallel. 

b. Parallel lines have the same slope, ratio of rise to r un. 

c. A straight line is parallel to a plane if it is at all times 
equidistant from the plane. 

d. If two lines are parallel, every plane containing one 
of the lines, and only one, is parallel to the other. 

e. If two lines are parallel to a third line, they are par- 
allel to each other. 

f. When two parallel lines are cut by a transversal, the 
corresponding angles are equal. 

g. When two parallel lines are cut by a transversal, the 
alternate interior angles are equal. 

h. Two lines perpendicular to a third line all in the same 
plane are parallel. 

i. If a line joins the middle points of two sides of a tri- 

{ angle, it is parallel to the third side and equal to one 

half of it. 

2. Planes 

a: If two lines are cut by three parallel planes, the corre- 
sponding segments are proportional. 

b. Through a given point X, outside a given plane R, 
there is only one plane which can be parallel to R 
through point X. 

c. Two planes perpendicular to the same straight line 
are parallel. 
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d. If two parallel planes are cut by a third plane, the 
lines of intersection are parallel. 

G. Locus 

Defined as the set of points and only those points that sat- 
isfy a certain given condition. Contrast locus on a plane 

and locus in space. 

Examples: The Locus of Points 

1. In a plane equally distant from 2 fixed points 

2. In space 6" from a fixed point 

3. In a plane equally distant from the intersecting x-and 
y-axes 

4. In space equally distant from the 3 surfaces (floor, 
north wall, east wall) of a classroom 

5. In the plane of a triangle equally distant from the 3 ver- 
tices of the triangle. 

VIII. Irrational Numbers 

A. Interpretation 

1. In presenting some of the introductory work with the 
irrational numbers, it is assumed that they will be con- 
sidered more from a useful and problem-solving situa- 
tion than from a formal, definition approach. 
Introduction of the irrationals will eventually, in alge- 
bra, lead to the completion of the set of real numbers , 
which is the union of the set of rationals and the set of 
irrationals. 

These numbers are needed to express mathematically the 
meaning of concepts, such as length, area, and volume, 
thus their introduction can be presented on that basis. 

*2. Formally, the irrationals are a sub-set of the real num- 
bers where the members of the set of real numbers are 
thought of as the least upper bound of a set of rational 
numbers. For instance, 3 can be thought of as the least 
upper bound of the set of all rational numbers of the 

* Advanced topic 
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form 3 — ^ , where n is a positive integer. The set will 
look like this: 



’ 2’ 3’ 4’ 5 * ' * 



B. Square Boots 

1. a. If a number is a product of two identical factors, 
either factor is called a square root of the element or 

number. The symbol “a/ - ” is used to designate the 
positive square root of a number. 

1. b. In the set of numbers of arithmetic, each member has 
either one or no square root. 



\/6 is meaningless in the numbers of arithmetic. 

1. c. As the set of integers or rationals are introduced, 

some numbers will now have two square roots. 

Since 25 = (~5) (~5) and 

25 = (5) (5) 

25 has two square roots. 

V 25 means 5 and ” V 25 means ~5. 

2. Determination of square root (approximately) 

a. By a table 

b. Computation by the “divide and take the average 
method’* 3 

*c. Computation by the “multiply by 20” method. 

C. The Pythagorean Relationship 

1. The statement can be informal and would emphasize its 
immediate use to triangles. Its use develops a use for 
squares and square roots. 

*2. Intuitive proofs can be presented or a simple deductive 
one using the area of a square regior. 




1963. p. 223£. 



•Peterson, John and Hashisaki, Joseph, Theory of Arithmetic , New York: John Wiley, 



3. p, 223f« 
Advanced topic 



43 



